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Abstract
In this paper we find new solutions for the so called Einstein-Chern-Simons Friedmann-
Robertson-Walker field equations studied in refs. [1, 2]. We consider three cases:(i) in the first
case we find some solutions of the five-dimensional ChS-FRW field equations when the ha field
is a perfect fluid that obeys a barotropic equation of state; (ii) in the second case we study the
solutions, for the cases γ = 1/2, 3/4, when the ha field is a five dimensional politropic fluid that
obeys the equation P (h) = ω(h)ρ(h)γ ; (iii) in the third case we find the scale factor and the state
parameter ω(t) when the ha field is a variable modified Chaplygin gas.
We consider also a space-time metric which contains as a subspace to the usual four-dimensional
FRW and then we study the same three cases considered in the five-dimensional, namely when(i) the
ha field is a perfect fluid, (ii) the ha field is a five dimensional politropic fluid and (iii) the ha field
is a variable modified Chaplygin gas.
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I. INTRODUCTION
The principles underlying the general theory of relativity states that the space-time is a
dynamical object which has independent degrees of freedom, and is governed by the Einstein
field equations. This means that in General Relativity (GR) the geometry is dynamically
determined. Therefore, the construction of a gauge theory of gravity requires an action
that does not consider a fixed space-time background. An action for gravity fulfilling these
conditions, albeit only in odd-dimensional space-time, d = 2n + 1, was proposed long ago
by Chamseddine [3–5].
If Chern-Simons theories are the appropriate gauge-theories to provide a framework for
the gravitational interaction, then these theories must satisfy the correspondence principle,
namely they must be related to General Relativity.
In ref. [6] was shown that the standard, five-dimensional General Relativity (without
a cosmological constant) can be obtained from Chern-Simons gravity theory for a certain
Lie algebra B. The Chern-Simons Lagrangian is built from a B-valued, one-form gauge
connection A which depends on a scale parameter l which can be interpreted as a coupling
constant that characterizes different regimes within the theory. The B algebra, on the other
hand, is obtained from the AdS algebra and a particular semigroup S by means of the S-
expansion procedure introduced in refs. [7–9]. The field content induced by B includes the
vielbein ea, the spin connection ωab and two extra bosonic fields ha and kab.
In ref. [6] was then shown that it is possible to recover odd-dimensional Einstein gravity
theory from a Chern-Simons theory in the limit where the coupling constant l tends to zero
while keeping the effective Newton’s constant fixed.
In ref. [1] was considered a 5-dimensional lagrangian L = L(5)EChS+κLM which is composed
of a gravitational sector and a sector of matter, where the gravitational sector is given by
the so called Einstein-Chern-Simons gravity action
L(5)EChS = α1l2ǫabcdeRabRcdee + α3ǫabcde
(
2
3
Rabecedee + 2l2kabRcdT e + l2RabRcdhe
)
(1)
instead of the Einstein-Hilbert action and where the matter sector is given by the so called
perfect fluid. In this reference was studied the implications that has on the cosmological
evolution, the fact of replacing the Einstein-Hilbert action by the Chern-Simons action in
the gravitational sector, for a metric of Friedmann-Robertson-Walker (FRW). Using a com-
pactification procedure known as dynamic compactification, was found that the cosmological
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field equations obtained from the Chern-Simons gravity theory lead, in a certain limit, to
the usual 4-dimensional FRW equations.
It is the purpose of this work to find some new cosmological solutions for the so called
Einstein-Chern-Simons-Friedmann-Robertson-Walker field equations, and to show how such
new solutions lead, in a certain limit, to the usual cosmological solutions of Einstein theory
of gravitation.
To find the new cosmological solutions we interpret the ha field as the dark energy in
three different cases:(i) in the first case we interpret the ha field as a perfect fluid that obeys
a barotropic equation of state; (ii) in the second case we interpret the ha field as a politropic
fluid that obeys the equation P (h) = ω(h)ρ(h)γ and (iii) in the third case we interpret the ha
field as a variable modified Chaplygin gas.
This paper is organized as follows: In section II we briefly review the called Einstein-
Chern-Simons Friedmann-Robertson-Walker field equations and their solutions when the
standard energy-momentum tensor is modeled as a barotropic fluid. In section III we
study three cases where ha field is interpreted as the dark energy and the standard energy-
momentum tensor is modeled as a barotropic fluid with variable parameter of state ω(t).
In the first case, we assume that the ha field is a perfect fluid which obeys the barotropic
equation of state P (h) = ω(h)ρ(h), with ω a constant, and then we find some solutions of the
five-dimensional ChS-FRW field equations. In the second case, we study the case when the
ha field is a five dimensional politropic fluid which obeys P (h) = ω(h)ρ(h)γ , with ω = ω(t),
where some solutions for γ = 1/2, 3/4 are found. In the third case, the scale factor and the
state parameter ω(t) are found when the ha field is a variable modified Chaplygin gas. In
section IV a space-time metric which contain as a subspace the usual four-dimensional FRW
metric is found and then we studied the same three cases considered in the five-dimensional
case. A Summary concludes this work.
II. REVIEW OF FIVE-DIMENSIONAL ECHS-FRW FIELD EQUATIONS AND
SOME OF THEIR SOLUTIONS
In this section we review the FRW field equations obtained from the Lagrangian (1) and
some of their solutions. From ref. [1] we know that the EChS-FRW field equations are given
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by,
6
(
a˙2 + k
a2
)
+ αl2
(
a˙2 + k
a2
)2
= κ1ρ,
3
[
a¨
a
+
(
a˙2 + k
a2
)]
+ αl2
a¨
a
(
a˙2 + k
a2
)
= −κ1P,
l2
(
a˙2 + k
a2
)2
= κ2ρ
(h),
l2
a¨
a
(
a˙2 + k
a2
)
= −κ2P (h),
(g − f) a˙
a
+ g˙ = 0,
where κ1 > 0 and κ2 > 0 are appropriate coupling constants and α = 3α1/α3. Henceforth
we assume α is a positive constant. The metric tensor of space-time is given by a FRW
metric-type, i.e., a(t) is the cosmic scale factor and k is the curvature of 4-dimensional
space. On the other hand, the standard matter is a perfect fluid whose proper energy (or
mass) density is ρ and its proper pressure is P . Furthermore, ρ(h) and P (h) are the energy
density and pressure for the perfect fluid associated to the ha field, also in the comoving
frame. The functions g and f are the components of ha field
h0 = f(t) e0, hi = g(t) ei, i = 1, . . . , 4
where ea is the vielbein one-form.
When one consider the case k = 0, these equations take the form
6H2 + αl2H4 = κ1ρ, (2)
ρ˙+ 4H(ρ+ P ) = 0, (3)
l2H4 = κ2ρ
(h), (4)
ρ˙(h) + 4H(ρ(h) + P (h)) = 0, (5)
(g − f)H + g˙ = 0, (6)
where we have introduced the Hubble parameter H = a˙
a
.
4
A. Standard energy-momentum tensor as a barotropic fluid with constant param-
eter of state
Following the same procedure used in general relativity, we further assume that the
perfect fluid obeys the barotropic equation of state
P = ωρ (7)
where ω can be a time-dependent function or a constant. If ω is a constant then, introducing
(7) in (3) we obtain
ρ = ρ0
(a0
a
)4(ω+1)
.
The subscript zero means evaluation at the present time t0 = 0.
Using equations (2), (3) and (7) we obtain
(1 + ω)
(
6 + αl2H2
)
H2 = − (3 + αl2H2) H˙. (8)
This is the equation giving the behavior of the scale factor a = a(t) and is to be solved for
the cases when the parameter is uniquely ω = −1 and the general case when ω 6= −1.
1. Solutions for ω = −1
If ω = −1, the equation (8) reduces to(
3 + αl2
a˙2
a2
)
H˙ = 0.
Since we have assumed that α > 0 the last equation leads to H = H0, where H0 = H(0) is
the Hubble constant. This solution leads to
a(t) = a0e
H0t
which is a de Sitter-type solution with a0 = a(0). Since equation (2) is a quadratic equation
in H2 its solution yields a value for the Hubble parameter of the form
H2 = − 3
αl2
(
1±
√
1 +
αl2
9
κ1ρ
)
(9)
If we consider the case of small l2 limit, we can expand the root to first order in l2. In the
expansion we can see that it is necessary to take the negative sign in front of square root to
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recover the FRW equations when l2 = 0 . Thus in first order approximation, equation (9)
takes the form
H2 =
a˙2
a2
≈ κ1ρ
6
(
1− αl
2
36
κ1ρ
)
or
H20 ≈
κ1ρ0
6
(
1− αl
2
36
κ1ρ0
)
expression that in the l2 = 0 limit is identical to that obtained when using the Einstein
equations in five dimensions.
2. Solutions for ω 6= −1
We consider now the behavior of the scale factor for the general case when ω is left as a
free parameter. By integrating equation (8) with ω 6= −1 we obtain
a˙
a
=
1
γ
tan
{
1
γ
(
a
a˙
− 2(1 + ω) (t− t′)
)}
(10)
where
t′ =
1
2H0(1 + ω)
(
γH0 arctan(γH0)− 1
)
and we have defined γ =
√
αl2/6. In the small l2 limit, we can expand equation (10). In
fact, taking the arctan of each side of (10), carrying out the expansion to first order in γ
and solving for the Hubble parameter, we obtain
a˙
a
≈ −(1 + ω)
γ2
(t− t′)
1±
√
1 +
(
γ
(1 + ω) (t− t′)
)2 . (11)
Expanding the square root in (11) to second order in γ2 = αl2/6, considering the negative
sign to recover the five-dimensional FRW equations, and integrating, we obtain a value for
the scale factor of the form
a(t) ≈ C(t− t′)1/2(1+ω)
(
1 +
αl2
12
(
1
2(1 + ω)
)3(
1
(t− t′)2 −
1
t′2
))
(12)
where
C = a0 |t′|−1/2(1+ω) ≈ a0
(
2H0(1 + ω)
)1/2(1+ω)
≈ a0
(
2
3
κ1ρ0 (1 + ω)
2
)1/4(1+ω)
.
From equation (12) we see that:(i) The cases of greatest physical interest are those with
ω = 0 and ω = 1/4, which are in the category ω 6= −1. These cases are usually called
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the eras of matter and radiation respectively. (ii) For small values of l2 and for values not
small of t2 we have that the term the right in (12) is negligible compared to the first and we
recover the usual solutions to the 5-dimensional FRW equations. (iii) In case that t2 is the
order of l2 we have that the term on the right in (12) is not negligible compared to the first
and therefore becomes important in the description of evolution: this is a notable difference
with the results obtained from general relativity. If the term on the right in (12) takes a
value greater than zero, then it is possible that this term is important for the description of
an inflationary period of the universe. (iv) We should note that this solution corresponds to
a valid theory in five dimensions which describes the evolution of 5-dimensional space-time.
III. FIVE-DIMENSIONAL ECHS-FRW FIELD EQUATIONS: STANDARD
ENERGY-MOMENTUM TENSOR AS A BAROTROPIC FLUID WITH VARI-
ABLE PARAMETER OF STATE
In this section we will assume that the standard matter perfect fluid is a barotropic fluid
with variable parameter of state, i.e., which obeys the equation of state
P = ω(t)ρ. (13)
Here ω can be a time-dependent function. We will study the behavior of the scale factor
a = a(t), the energy density and the variable parameter ω(t).
A. The ha fluid as a barotropic fluid with constant parameter of state
Now, we assume that the perfect fluid asociated to ha field obeys the barotropic equation
of state
P (h) = ω(h)ρ(h), (14)
where ω(h) is a constant parameter of state. We will solve for the cases when the parameter
is uniquely ω(h) = −1 and the general case when ω(h) 6= −1.
1. Solutions for ω(h) = −1
If ω(h) = −1, the equation (5) with the condition (14) reduces to
ρ˙(h) = 0. (15)
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From (4) and (15) we find H(t) = H0 where H0 = H(0), whose solution is given by
a(t) = a0e
H0t (16)
where a0 = a(0), which is a de Sitter-type solution.
Introducing (16) or H(t) = H0 in equations (4) and (2) we find
ρ(h)(t) =
l2H40
κ2
, ρ(t) = H20
(
6 + l2αH20
κ1
)
.
Finally, from (13) and (3) we can see that ω(t) = −1. Therefore, if ω(h) = −1 then
there is not a ω(t) variable. Hence both are constant. It is interesting to note that in the
l2 = 0 limit, we get the same result that one can obtain using the Einstein equations in five
dimensions.
2. Solutions for ω(h) 6= −1
We consider now the behavior of the scale factor for the case when ω(h) 6= −1. If
ω(h) 6= −1, the equation (5) with the condition (14) reduces to
ρ˙(h) + 4Hρ(h)(ω(h) + 1) = 0. (17)
From (4) and (17) we find
H(t) =
H0
1 + (ω(h) + 1)H0t
, (18)
where H0 = H(0). From (18) we find that
a(t) = a0
(
1 + (ω(h) + 1)H0t
) 1
ω(h)+1 (19)
where a0 = a(0). Introducing (19) or (18) in equations (4) and (2) we have
ρ(h)(t) =
l2H40
κ2 (1 + (ω(h) + 1)H0t)
4 ,
ρ(t) =
H20
(
6
(
1 +
(
ω(h) + 1
)
H0t
)2
+ αl2H20
)
k1
(
1 + (ω(h) + 1)H0t
)4 .
Finally, from (13) and (3) we can see that
ω(t) =
αH20 l
2ω(h) + 3(ω(h) − 1)
(
1 +
(
ω(h) + 1
)
H0t
)2
αH20 l
2 + 6
(
1 + (ω(h) + 1)H0t
)2 .
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It should be mentioned that if ω(h) < 1, then the equation (19) has a similar behavior
to the equation which describes the acceleration of the universe due to the presence of the
phantom energy, and has a big rip-like future singularity at time
tr = − 1
(ω(h) + 1)H0
.
Note that in the l2 = 0 limit, we get the results of the five-dimensional standard cosmology
for a scenario type big rip where:(i) the state parameter ω(t) = (ω(h) + 1)/2 is constant and
(ii) the scale factor is given as an ansatz.
In figure 1 we can see the behavior of the cosmological parameters in term of time,
ω(h) = −1.15, with H0tr = 20/3. When −1 < ω(h) < −1/2 we have not big rip but an
accelerated expansion (i.e., a¨(t) > 0) that tends to a constant in the future. For ω(h) = −1/2
we have a constant accelerated expansion, i.e., a¨(t) = cte. For −1/2 < ω(h) < 0 we have
a decelerated expansion, i.e., (a¨(t) < 0). If ω(h) = 0 then we have a solution without
accelerated expansion (i.e., a¨(t) = 0). For 0 < ω(h) < 1 again we have a decelerated
expansion. In figure 2 we can see the behavior of the cosmological parameters in term of
the time, for intance, radiation ω(h) = 1/4.
Finally in figure 3 and figure 4 we show the behavior of ω(t) in terms of time and ω(h).
Here we can see that for any value of phantom-like parameter of state, i.e., ω(h) < −1, we
have a phantom-like variable parameter of state ω(t). When −1 < ω(h) < 0.75 , the variable
parameter of state ω(t) < 0, and when 0.75 < ω(h) < 1, the variable parameter of state ω(t)
evolves quickly from positive to negative values.
It might be interesting to mention that in this case we have obtained the exact form of
the scale factor without having to make an expansion to the scale factor as was done in ref.
[1]. This means that we have found a different solution that complements that found for
ω 6= −1 in ref. [1].
B. The ha fluid as a politropic fluid
Now we consider the case where the field ha can be a polytropic fluid modelling dark
energy. The corresponding state equation is given by
P (h) = ω(h)ρ(h)γ , (20)
9
0 1 2 3 4 5 6 7
−100
−50
0
50
100
H0t
1
H0
H(t)
1
a0
a(t)
κ2
l2H4
0
ρ(h)(t)
κ1
αl2H4
0
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0
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P (t)
t = tr
FIG. 1: Behavior of different cosmological parameters (vertical axis) in terms of t, with
ω(h) = −1.15, and setting H0, l and α to 1. Here we have a big rip-like singularity at time
H0tr = 20/3.
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0
ρ(h)(t)
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l2H4
0
P (h)(t)
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P (t)
FIG. 2: Behavior of different cosmological parameters (vertical axis) in terms of t, with ω(h) = 1/4,
and setting H0, l and α to 1. Here we have a = 0 at time H0tb = −1/(ω(h) + 1) = −4/5.
where, in analogy to four-dimensional standard cosmology, the state parameter ω(h) can take
constant values and γ is the polytropic index with γ > 0 and γ 6= 1 [10–15]. When γ = 1,
the equation of state is reduced to the barotropic equation of state. The matter field will be
modeled as a fluid whose state equation with variable parameter, is given by equation (13).
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FIG. 3: Behavior of ω(t) in terms of t and −2 < ω(h) < −1, and setting H0, l and α to 1.
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FIG. 4: Behavior of ω(t) in terms of t and −1 < ω(h) < 1, and setting H0, l and α to 1.
In this subsection we study two cases having exact solution: γ = 1
2
and γ = 3
4
.
1. Case 1: γ = 12
From equations (4), (5) and (20) we found
H˙ +H2 + ω(h)
(κ2
l2
) 1
2
= 0, (21)
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where we can see that it is not possible to consider the limit l = 0. To find a solution for
(21), we have three different cases. First, when ω(h) > 0 the scale factor have a sector where
is negative, so that we discard this solution. Second, if ω(h) = 0 the scale factor is linear in
t, so that the solution is a non-accelerated expansion. When ω(h) < 0, we find a solution
given by
H(t) = H1 tanh
(
H1 (t− t1)
)
(22)
where the constants H1 and t1 are given by
H1 =
√
−ω(h)
(κ2
l2
) 1
4
, t1 = − 1
H1
arctanh
(
H0
H1
)
.
From equation (22) it is direct to see that
a(t) =
a0
cosh(H1t1)
cosh
(
H1 (t− t1)
)
.
Introducing (22) in equations (4) and (2) we have
ρ(h)(t) =
(
ω(h)
)2
tanh4
(
H1 (t− t1)
)
,
ρ(t) =
−ω(h)
κ1
tanh2
(
H1 (t− t1)
)(
6
√
κ2
l2
− ακ2 ω(h) tanh2
(
H1 (t− t1)
))
.
Finally, from (13) and (3) we can see that
ω(t) = −
3
√
κ2
l2
csch2
(
H1 (t− t1)
)
cosh
(
2H1 (t− t1)
)
− ακ2 ω(h)
6
√
κ2
l2
− ακ2 ω(h) tanh2
(
H1 (t− t1)
) .
2. Caso 2: γ = 34
From equations (4), (5) and (20) we found the following equation
H˙ +H2 + ω(h)
(κ2
l2
) 1
4
H = 0, (23)
where we can see that it is not possible to consider the limit l = 0. The solution is given by
H(t) =
H2
eH2(t−t2) − 1 (24)
with
H2 = ω
(h)
(κ2
l2
) 1
4
, t2 = − 1
H2
ln
(
1 +
H2
H0
)
.
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This means that the scale factor is given by
a(t) = a0
(
1− e−H2(t−t2)
1− eH2t2
)
. (25)
Note that in order to have a scale factor that grows with time, ω(h) must be less than
zero so that H2 < 0.
From (4) and (25) or (24) one find that ρ(h) takes the form
ρ(h)(t) =
(
ω(h)
eH2(t−t2) − 1
)4
and from equation (2) we can see that
ρ(t) =
(
6
√
κ2
l2
(
eH2(t−t2) − 1)2 + ακ2 (ω(h))2) (ω(h))2
κ1 (eH2(t−t2) − 1)4
,
so that the state parameter ω(t) is given by
ω(t) =
(
3
√
κ2
l2
(
eH2(t−t2) − 1)(eH2(t−t2) − 2)+ ακ2 (ω(h))2) (eH2(t−t2) − 1)
6
√
κ2
l2
(eH2(t−t2) − 1)2 + ακ2 (ω(h))2
Note that when ω(h) = 0 in (23), we have that the scale factor is linear in t, so that the
corresponding solution is a expansion non-accelerated.
C. The ha fluid as a variable modified Chaplygin gas
Now consider the case where the field ha can be a variable modified Chaplygin Gas [16–
25] modelling dark energy, in an analogous manner as it occurs in 4-dimensional standard
cosmology. The corresponding state equation is given by
P (h) = −a(t)
−4γ−3
ρ(h)γ
(26)
where 0 < γ < 1. The matter field will be modeled as a fluid whose state equation with
variable parameter, is given by equation (13).
From equations (5) and (26) it is direct to see that
z˙ + 4
a˙
a
(γ + 1)z = 4(γ + 1)
a˙
a4(γ+1)
,
where z = ρ(h)γ+1. This means that ρ(h) is given by
ρ(h)(t) =
(
a3a
−4(γ+1) + 4(γ + 1)a−(4γ+3)
) 1
γ+1
13
here a3 is a constant of integration to be determined from initial conditions.
The equations (4) and (5) allow us to find the following scale factor
a(t) =
A(t)4(γ+1) − a3
4(γ + 1)
where
A(t) =
(
(4γ + 3)H3(t− t3)
) 1
4γ+3 , H3 =
(κ2
l2
) 1
4
, t3 = −
(
a3 + 4(γ + 1)a0
) 4γ+3
4(γ+1)
(4γ + 3)H3
.
This result leads to obtaining the following Hubble parameter:
H(t) =
4(γ + 1)H3A(t)
A(t)4(γ+1) − a3
where we determine the constant a3
a3 =
(
a0
H0
H3
)4(γ+1)
− 4(γ + 1)a0.
On the other hand, using equation (2) is straightforward to obtain
ρ(t) =
256αl2(γ + 1)4H43A(t)
4
κ1 (A(t)4(γ+1) − a3)4
+
96(γ + 1)2H23A(t)
2
κ1 (A(t)4(γ+1) − a3)2
.
This result leads to the following state parameter ω(t)
ω(t) =
(
(4γ + 3)A(t)4(γ+1) + a3
)(
3
(
A(t)4(γ+1) − a3
)2
+ 16αl2H23 (γ + 1)
2A(t)2
)
8(γ + 1)A(t)4(γ+1)
(
3 (A(t)4(γ+1) − a3)2 + 8αl2H23 (γ + 1)2A(t)2
) − 1.
IV. FOUR-DIMENSIONAL ECHS-FRW FIELD EQUATIONS: STANDARD
ENERGY-MOMENTUM TENSOR AS A BAROTROPIC FLUID WITH VARI-
ABLE PARAMETER OF STATE
So far we have found some solutions for flat cosmological field equations, which were
obtained from a Lagrangian for a Chern-Simons gravity theory, studied in ref. [6]. One
problem with these solutions is that they are valid only in a five-dimensional space. Now
we consider a space-time metric which contains as a subspace the usual FRW metric in four
dimensions. Following refs. [26, 27] we consider the following five-dimensional metric:
ds2 = −dt2 + a2(t)
(
(dx1)
2 + (dx2)
2 + (dx3)
2
)
+ b2(t)dx2.
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Using the compactification procedure developed in ref. [27] we have that the scale factor
b(t) is given by
b(t) =
1
a(t)n
, n > 0,
where the parameter nmust be positive for dynamical compactification to take place. There-
fore, b(t) gets smaller as the radius of our universe a(t) become bigger. So that the corre-
sponding field equations are given by [1]
3(1− n)H2 + 12ǫnH4 = κ1ρ
2
, (27)
ρ˙+ 3H(ρ+ P˜ ) = 0, (28)
ǫnH4 = κ2ρ
(h), (29)
ρ˙(h) + 3H(ρ(h) + P˜ (h)) = 0, (30)
q˙ − n
3
H(q − f) = 0, (31)
g˙ +H(g − f) = 0 (32)
where κ1 > 0 and κ2 > 0 are coupling constants and ǫ =
α1
4α3
l2. Henceforth we assume ǫ > 0.
P˜ and P˜ (h) are the effective pressures defined in ref. [1]. The functions f(t), g(t) and q(t)
are the components of 5-dimensional ha field
h0 = f(t) e0, hi = g(t) ei, h4 = q(t) e4, i = 1, . . . , 3
where ea is the 5-dimensional vielbein one-form.
A. The ha fluid as a barotropic fluid with constant parameter of state
Following the same procedure used in the 5D case, we assume that the dark energy fluid
ha obeys the barotropic equation of state
P˜ (h) = ω˜(h)ρ(h) (33)
where the state parameter ω˜(h) is a constant. The matter perfect fluid obeys the equation
of state
P˜ = ω˜(t)ρ. (34)
where the state parameter ω˜(t) can be a time-dependent function.
15
In this section we study the behavior of the scale factor a = a(t), the energy density and
the variable state parameter. We will solve for the cases when the parameter is ω˜(h) = −1
and when ω˜(h) 6= −1.
1. Solutions for ω˜(h) = −1 case
Writing equation (30) in terms of the parameter of Hubble (29) and using the equation
of state (33), we find
H(t) = H0
where H0 = H(0), whose de Sitter-type solution is given by
a(t) = a0e
tH0 (35)
with a0 = a(0). Introducing (35) in (29) and (27), we find
ρ(h)(t) =
H40nǫ
κ2
,
ρ(t) =
6H20
κ1
(
n
(
4H20ǫ− 1
)
+ 1
)
.
Finally, from (34) and (28) we can see that
ω˜(t) = −1,
This means that the state parameter ω˜(t) is not a time-dependent function. So that the
state parameters ω˜(t) and ω˜(h) are constants. We must add here that this result is consistent
with that found in ref. [1] for ω = −1.
2. Solutions for ω˜(h) 6= −1 case
Writing equation (30) in terms of the parameter of Hubble and using the equation of
state (33), we find
H(t) =
H0
1 + 3
4
(ω˜(h) + 1)H0t
(36)
where H0 = H(0). From (36) we find that
a(t) = a0
(
1 +
3
4
(
ω˜(h) + 1
)
H0t
) 4
3(ω˜(h)+1)
, (37)
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whith a0 = a(0). Introducing (37) or (36) in (29) and (27), we have
ρ(h)(t) =
ǫnH40
κ2
(
1 + 3
4
(ω˜(h) + 1)H0t
)4 ,
ρ(t) =
6H20
(
(1− n)
(
1 + 3
4
(
ω˜(h) + 1
)
H0t
)2
+ 4H20ǫn
)
κ1
(
1 + 3
4
(ω˜(h) + 1)H0t
)4 .
Finally, from (34) and (28) we can see that
ω˜(t) =
(1− n)(ω˜(h) − 1)
(
1 + 3
4
(ω˜(h) + 1)H0t
)2
+ 8H20ǫn ω˜
(h)
2
(
(1− n)
(
1 + 3
4
(ω˜(h) + 1)H0t
)2
+ 4H20ǫn
) .
From equations (36) and (37) we can see that:
(i) For 0 < n < 1, for example n = 1/2, we have that in the case ω˜(h) < −1, the equation
(37) has a similar behavior to the equation which describes an accelerated universe
with a big rip-like future singularities at time
tr = − 4
3(ω˜(h) + 1)H0
.
See figures 5 and 6 for the behavior of the cosmological parameters with ω˜(h) = −1.15
and H0tr = 80/9.
Now when −1 < ω˜(h) < 0, there is not big rip. See figures 7 and 8 for an example with
ω˜(h) = 1/3.
(ii) For n = 1 we have ω˜(t) = ω˜(h) = constant.
(iii) For n > 1 we have that in the case ω˜(h) < −1, the equation (37) has a similar behav-
ior to the equation which describes an accelerated universe with a big rip-like future
singularities at time
tr = − 4
3(ω˜(h) + 1)H0
.
It should note that the variable state parameter blows up in a finite future time. This
behavior is similar to the w-singularities [32, 33]. However the matter energy density
ρ(t) is negative. For this reason we discard this solution. When −1 < ω˜(h) < 0 there is
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FIG. 5: Behavior of different cosmological parameters (vertical axis) in terms of t, with
ω˜(h) = −1.15, n = 1/2, ǫ = 1 and H0 = 72 [28–31]. Here we have a big rip-like singularity at
time H0tr = 80/9.
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FIG. 6: Behavior of ω˜(t) in terms of t and −2 < ω˜(h) < −1, with n = 1/2, ǫ = 1 and H0 = 72.
not big rip and the variable state parameter blows up after a while during its evolution.
However the matter energy density ρ(t) is negative. For this reason we discard this
solution.
Note that in the ǫ = 0 limit, we get the results of the standard cosmology for a scenario
type big rip in the case of a fluid where: (i) the state parameter ω(t) = (ω˜(h) + 1)/2 is
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FIG. 7: Behavior of different cosmological parameters (vertical axis) in terms of t, with ω˜(h) = 1/3,
n = 1/2, ǫ = 1 and H0 = 72. Here we have a = 0 at time H0tb = −4/
(
3(ω˜(h) + 1)
)
= −1.
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FIG. 8: Behavior of ω˜(t) in terms of t and −1 < ω˜(h) < 1, with n = 1/2, ǫ = 1 and H0 = 72.
constant and (ii) the scale factor (37) is given as an ansatz. The difference lies in that in
standard cosmology the exponent on the right side of the scale factor is 2/3(ω + 1) [34].
Cosmology ECHS modifies this result: the exponent of the scale factor is 4/3(ω˜(h) + 1).
It might be interesting to mention that in this case we have obtained the exact form of
the scale factor without having to make an expansion to the scale factor as was done in ref.
[1]. This means that we have found a different solution that complements that found for
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ω 6= −1 in ref. [1].
B. The ha fluid as a politropic fluid
Now we consider the case where the field ha can be a polytropic fluid modelling dark
energy. The corresponding state equation is given by
P˜ (h) = ω˜(h)ρ(h)γ ,
where ω˜(h) is the constant state parameter, γ is the politropic index with γ > 0 and γ 6= 1,
because when γ = 1, the equation of state is reduced to the barotropic equation of state
[10–15]. The matter field will be modeled as a fluid whose state equation with variable
parameter, is given by equation (34).
We should note that when working with two fluids: is found that in 4-dimensional EChS
cosmology, the cosmological variable are determined as a function of time, while in standard
cosmology these variables are given in terms of the scale factor without being able to know
its explicit form.
In this subsection we study two cases having exact solution: γ = 1
2
and γ = 3
4
.
1. Case 1: γ = 12
Writing equation (30) in terms of the Hubble parameter we find
H˙ +
3
4
H2 +
3
4
ω˜(h)
(κ2
ǫn
) 1
2
= 0 (38)
where we can see that it is not possible to consider the limit ǫ = 0. To find a solution for
(38), we have three different cases. First, when ω˜(h) > 0 the scalar factor has a sector where
it is negative, so that we discard this solution. Second, if ω˜(h) = 0 then
H(t) =
H0
1 + 3
4
H0t
,
where it was considered H0 = H(t = 0). The scalar factor is given by
a(t) = a0
(
1 +
3
4
H0t
) 4
3
,
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where was considered a0 = a(t = 0). From equations (29) and (27) we find that ρ
(h) and ρ
are given by
ρ(h)(t) =
ǫnH40
κ2
(
1 + 3
4
H0t
)4 ,
ρ(t) =
6H20
(
(1− n)(3
4
H0t+ 1
)2
+ 4ǫnH20
)
κ1
(
1 + 3
4
H0t
)4 ,
so that the state parameter is then given by
ω˜(t) = − (1− n)
(
1 + 3
4
H0t
)2
2
(
(1− n) (1 + 3
4
H0t
)2
+ 4ǫnH20
)
When ω˜(h) < 0, we find a solution given by
H(t) = H4 tanh
(
3
4
H4 (t− t4)
)
,
where
H4 =
√
−ω˜(h)
(κ2
ǫn
) 1
4
, t4 = − 4
3H4
arctanh
(
H0
H4
)
,
so that the scale factor is given by
a(t) = a0
cosh
4
3
(
3
4
H4 (t− t4)
)
cosh
4
3
(
3
4
H4t4
)
and from equations (29) and (27) we find that ρ(h) and ρ are given by
ρ(h)(t) =
(
ω˜(h)
)2
ǫn
tanh4
(
3
4
H4 (t− t4)
)
ρ(t) =
−6 ω˜(h)√κ2
ǫn
κ1
tanh2
(
3
4
H4 (t− t4)
)(
n− 1 + 4 ω˜(h)√κ2ǫ n tanh2
(
3
4
H4 (t− t4)
))
.
Therefore the state parameter is then given by
ω˜(t) =
(
coth2
(
3
4
H4 (t− t4)
)
+1
)
(1− n)− 8ω˜(h)√κ2ǫ n
2
(
n− 1 + 4 ω˜(h)√κ2ǫ n tanh2
(
3
4
H4 (t− t4)
)) .
2. Case 2: γ = 34
Writing equation (30) in terms of the Hubble parameter we find
H˙ +
3
4
H2 +
3
4
ω˜(h)
(κ2
ǫn
) 1
4
H = 0
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where we can see that it is not possible to consider the limit ǫ = 0. The solution is given by
H(t) =
H5
exp
(
3
4
H5(t− t5)
)
− 1
where
H5 = ω˜
(h)
(κ2
ǫn
) 1
4
, t5 = − 4
3H5
ln
(
1 +
H5
H0
)
.
This means that the scale factor is
a(t) = a0
1− exp
(
−3
4
H5(t− t5)
)
1− exp
(
3
4
H5t5
)

4
3
From (29) and (27) we can see that ρ(h) and ρ are given by
ρ(h)(t) =
 ω˜(h)
exp
(
3
4
H5(t− t5)
)
− 1
4
ρ(t) =
6
(
ω˜(h)
)2√κ2
ǫn
(
(1− n)
(
exp
(
3
4
H5(t− t5)
)
− 1
)2
+ 4
√
κ2ǫn
(
ω˜(h)
)2)
κ1
(
exp
(
3
4
H5(t− t5)
)
− 1
)4
Therefore the state parameter is then given by
ω˜(t) =
(
e
3
4
H5(t−t5) − 1
)((
e
3
4
H5(t−t5) − 1
)(
e
3
4
H5(t−t5) − 2
)
(1− n) + 8√κ2ǫn
(
ω˜(h)
)2)
2
((
e
3
4
H5(t−t5) − 1
)2
(1− n) + 4√κ2ǫn (ω˜(h))2
) .
C. The ha fluid as a variable modified Chaplygin gas
Now consider the case where the field ha can be a variable modified Chaplygin gas mod-
elling dark energy. The corresponding state equation is given by
P˜ (h) = −a(t)
−β
ρ(h)γ
,
where 0 < γ < 1 and β > 0 [16–25]. The matter field will be modeled as a fluid whose state
equation with variable parameter, is given by equation (34). Using this state equation it is
direct to see that
z˙ + 3
a˙
a
(γ + 1)z = 3(γ + 1)
a˙
aβ+1
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where z = ρ(h)γ+1. So that
ρ(h)(t) =
(
3(γ + 1)
3(γ + 1)− βa(t)
−β + a6a(t)
−3(γ+1)
) 1
γ+1
.
From this equation and (29) we find
H(t) = H6
(
3(γ + 1)
3(γ + 1)− βa(t)
−β + a6a(t)
−3(γ+1)
) 1
4(γ+1)
(39)
where H6 and the constant of integration a6 are given by
H6 =
(κ2
nǫ
) 1
4
, a6 = a
3(γ+1)
0
((
H0
H6
)γ+1
− 3(γ + 1)
3(γ + 1)− βa
−β
0
)
.
Introducing (39) in (27) we can see that
ρ(t) =
6
√
κ2
ǫn
κ1
(
3(γ + 1)
3(γ + 1)− βa(t)
−β + a6a(t)
−3(γ+1)
) 1
2(γ+1)
×
(
1− n+ 4√κ2ǫn
(
3(γ + 1)
3(γ + 1)− βa(t)
−β + a6a(t)
−3(γ+1)
) 1
2(γ+1)
)
We should note that if a6 = 0 in equation (39) we find a particular solution for the scale
factor
a(t) =
(
3(γ + 1)
3(γ + 1)− β
) 1
β
(
4(γ + 1)
β
H6(t− t6)
) 4(γ+1)
β
, (40)
where
t6 = − β
4H6(γ + 1)
(
3(γ + 1)
3(γ + 1)− β
)− 1
4(γ+1)
a
β
4(γ+1)
0
From equation (40) we can see that if 4(γ+1)
β
> 1, that is 0 < β < 4 and 0 < γ < 1, or
4 < β < 8 and 1
4
(β − 4) < γ < 1, then we have an accelerated power law type solution.
Therefore the state parameter is then given by
ω˜(t) =
(1− n)
(
4(γ+1)
β
H6(t− t6)
) 8(γ+1)
β
+ 2048
β4
√
κ2ǫn(γ + 1)
4
6(γ+1)
β
(
(1− n)
(
4(γ+1)
β
H6(t− t6)
) 8(γ+1)
β
+ 1024
β4
√
κ2ǫn(γ + 1)4
) − 1.
V. CONCLUDING REMARKS
We have found some new cosmological solutions for the so called Einstein-Chern-Simons-
Friedmann-Robertson-Walker field equations taking the ha field component as modelling
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the dark energy component, represented by three different types of equations of state:
barotropic, polytropic, and varying generalized modified Chaplygin gas.
For the three types of equations of state, it was found that the behavior of matter field
is described by a barotropic equation of state, with variable state parameter P = ω(t)ρ.
A comment about the differences and similarities of the results found in this work and
the known results of standard cosmology could be of interest.
(i) If the behavior of two fluids is studied and if we want describe, in the context of
standard cosmology, a universe accelerated at a late stage, then one of the fluids may
represent dark matter described by the equation of state P1 = ω1ρ1 (con ω1 = 0), while
the other may represent dark energy described by the equation of state P2 = ω2ρ2 (con
ω2 < −1/3).
In this case we can consider that each fluid evolves independently of each other or take
the option of considering that there is an interaction term between the two fluids Q,
this means that fluids will not evolve independently and behavior of a fluid depend on
the behavior of the other.
(ii) If in the context of cosmology Einstein-Chern-Simons we consider that the matter field
of density ρ represents dark matter (or dark energy) and that the ha field of density ρ(h)
represents dark energy (or dark matter) then, if the two fluids evolve independently of
each other, we find that the behavior of a fluid depends on the behavior of the other
fluid through the geometric term H4. This term plays the role of the interaction Q
term present in the case of standard cosmology.
(iii) If in standard cosmology we consider two fluids, one with a constant state parameter
and the other with a variable state parameter then, to solve the system dynamics it is
necessary to specify the state equations for each fluid and consider an ansatz for the
variable parameter state, giving the scale factor or giving an energy density.
(iv) In Einstein-Chern-Simons cosmology, this situation can be resolved without considering
an ansatz, closing down the system and getting the form of the different cosmological
variables.
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